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Fast generation of three-dimensional entanglement between two
spatially separated atoms via invariant-based shortcut
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A scheme is proposed for the fast generation of three-dimensional entanglement
between two atoms trapped in two cavities connected by a fiber via invariant-based
shortcut to adiabatic passage. With the help of quantum Zeno dynamics, the tech-
nique of invariant-based shortcut is applied for the generation of two-atom three-
dimensional entanglement. The numerical simulation results show that the target
state can be generated in a short time with a high fidelity and the scheme is robust
against the decoherence caused by the atomic spontaneous emission, photon leakage,
and the variations in the parameters. Moreover, the scheme may be possible to be
implemented with the current experimental technology.
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I. INTRODUCTION
As one of the most interesting features of quantum mechanics, quantum entanglement
plays a significant role in quantum mechanics because it not only holds the power for demon-
stration of the quantum nonlocality against local hidden variable theory [2, 3], but also is
an important part of quantum information processing and quantum computing, such as
quantum cryptography [4], quantum teleportation [5], quantum dense coding [6], and so on.
Recently, high-dimensional entanglement is becoming more and more important due to
their superior security than qubit systems, especially in the aspect of quantum key distri-
bution. Besides, it has been demonstrated that violations of local realism by two entan-
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2gled high-dimensional systems are stronger than that by two-dimensional systems [7]. So
a lot of efforts have been done in theory and experiment for generating high-dimensional
entanglement via different techniques [8–19]. For instance, Li et al. implemented the two-
atom three-dimensional entanglement by quantum Zeno dynamics (QZD) in 2011 [8, 9],
Chen et al. prepared the two-atom three-dimensional entanglement using stimulated Ra-
man adiabatic passage (STIRAP) in 2011 and 2012 [10, 11], Su et al. generated the two-
atom three-dimensional entanglement via atomic spontaneous emission and cavity decay
in 2014 [16], and Vaziri et al. experimentally implemented two-photon three-dimensional
entanglement for quantum communication in 2002 [19]. Among these techniques, there
are two famous techniques for their robustness against decoherence in proper conditions.
One is STIRAP [10, 11, 17], and the other is QZD [8, 9, 13]. STIRAP is widely used in
time-dependent interacting field because of the robustness against the atomic spontaneous
emission and variations in the experimental parameters. But it usually requires a relatively
long interaction time, so the decoherence would destroy the intended dynamics and finally
lead to an error result. Different from the adiabatic passage, QZD is usually robust against
photon leakage but sensitive to the atomic spontaneous emission and variations in the exper-
imental parameters. Thus some of the researchers introduce detuning between the atomic
transition to restrain the influence of atomic spontaneous emission [13]. However, that also
increases the operation time. Therefore, reducing the time of dynamics towards the perfect
final outcome is necessary and perhaps the most effective method to essentially fight against
the dissipation caused by noise or losses accumulated during the operational processes. In
order to solve this problem, recently researchers pay more attention to “shortcut to adiabatic
passage (STAP)” which employs a set of techniques to speed up a slow quantum adiabatic
process [20–29], in which Chen et al. proposed the shortcut to adiabatic passage in two-
and three-level atoms in 2010 [20], then Chen et al. implemented fast population transfer
and entangled states’ preparation and transition in multiparticle systems via shortcut to
adiabatic passage in 2014 [23, 24], and Lin et al. generated the two-atom three-dimensional
via invariants-based shortcut in 2016 [28].
In this paper, based on the Lewis-Riesenfeld invariants and QZD we construct an effective
shortcut to adiabatic passage for fast generating three-dimensional entanglement between
two atoms trapped in two spatially separated cavities connected by a fiber. The generation
of two-atom three-dimensional entanglement in our scheme is implemented within a short
3time and the strict numerical simulations demonstrate that our scheme is insensitive to the
decoherence caused by the atomic spontaneous emission, photon leakage, and the variations
in the parameters. In particular, compared with previous work using the same technique
which prepared two-atom three-dimensional entanglement by two steps using a superposition
state as the initial state [28], our scheme is more feasible because of easier initial state and
one-step implementation of the target state.
This paper is structured as follows. In Section II, we give a brief review of QZD and Lewis-
Riesenfeld invariants. In Section III, we will describe the physical model and the generation
of two-atom three-dimensional entanglement via invariant-based shortcut. In Section IV, we
give the numerical simulations and discussion of feasibility of the fast generation of two-atom
three-dimensional entanglement in our scheme. Finally, the conclusion is given in Section V.
II. THE BRIEF REVIEW OF QUANTUM ZENO DYNAMICS AND
LEWIS-RIESENFELD INVARIANTS
A. Quantum Zeno dynamics
For the sake of clearness, we first briefly give a review of the quantum Zeno dynamics.
Assume that a quantum system’s dynamics evolution is governed by the Hamiltonian
HK = Hobs +KHmeas, (1)
where Hobs can be viewed as the Hamiltonian of the quantum system investigated and Hmeas
as an additional interaction Hamiltonian performing the measurement. K is a coupling
constant, and in the strong coupling limit K → ∞, the whole system is governed by the
evolution operator [30]
U(t) = lim
K→∞
exp[−it
∑
n
(KλnPn + PnHobsPn)], (2)
where
∑
n PnHobsPn is Zeno Hamiltonian, Pn is one of the eigenprojections of Hmeas with
eigenvalues λn(Hmeas =
∑
n λnPn). Interestingly, it is easy to deduce [30, 31] that the system
state will remain in the same Zeno subspace as that of its initial state. Specially, if the system
is initially in the dark state |Ψd〉 of Hmeas, i.e., Hmeas|Ψd〉 = 0, the evolution operator reduces
to [32]
U(t) = lim
K→∞
exp(−itPnHobsPn). (3)
4B. Lewis-Riesenfeld invariants
Here we give a brief description about Lewis-Riesenfeld invariants theory [33]. A quantum
system is governed by a time-dependent Hamiltonian H(t), and the corresponding time-
dependent Hermitian invariant I(t) satisfies
i~
∂I(t)
∂t
= [H(t), I(t)]. (4)
The solution of the time-dependent Schro¨dinger equation i~∂|Ψ(t)〉
∂t
= H(t)|Ψ(t)〉 can be
expressed by a superposition of invariant I(t) dynamical modes |Φn(t)〉
|Ψ(t)〉 =
∑
n
Cne
iαn |Φn(t)〉, (5)
where Cn is time-independent amplitude, αn is the Lewis-Riesenfeld phase, and |Φn(t)〉 is
one of the orthogonal eigenvectors of the invariant I(t) satisfying I(t)|Φn(t)〉 = λn|Φn(t)〉
with a real eigenvalue λn. The Lewis-Riesenfeld phases are defined as
αn(t) =
1
~
∫ t
0
dt′〈Φn(t′)|i~ ∂
∂t′
−H(t′)|Φn(t′)〉. (6)
III. THE PHYSICAL MODEL AND GENERATION OF TWO-ATOM
THREE-DIMENSIONAL ENTANGLEMENT VIA INVARIANT-BASED
SHORTCUT
The schematic setup for generating two-atom three-dimensional entanglement is shown
in Fig. 1(a). Two atoms are trapped in two spatially separated optical cavities connected
by a fiber. Under the short fiber limit (lv)/(2pic) ≤ 1, only the resonant mode of the
fiber interacts with the cavity mode [34], where l is the length of the fiber and v is the
decay rate of the cavity field into a continuum of fiber modes. The level configurations and
relevant transitions of two atoms are shown in Fig. 1(b). The tripod-type atom1 with two
degenerate ground states |gL〉 and |gR〉 and the M-type atom2 with two degenerate excited
states |eL〉 and |eR〉 are trapped in two double-mode cavities, respectively. The atomic
transitions |e0〉1 ↔ |gL〉1 (|gR〉1) and |g0〉2 ↔ |eL〉2 (|eR〉2) are coupled resonantly to the
left-circularly (right-circularly) polarized modes of cavity1 and cavity2 with corresponding
coupling constants g1,L (g1,R) and g2,L (g2,R), respectively. The transitions |g0〉1 ↔ |e0〉1 and
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FIG. 1: (Color online) (a) The schematic setup for generating two-atom three-dimensional entan-
glement. (b) The level configurations and relevant transitions of two atoms.
|eL(R)〉2 ↔ |gL(R)〉2 are driven resonantly by classical laser fields with the time-dependent
Rabi frequencies Ω1(t) and Ω2(t), respectively.
Then, in the interaction picture, the interaction Hamiltonian of the whole system can be
written as (assuming ~ = 1 for simplicity) [9, 11]:
Htotal = Hal +Hacf ,
Hal = Ω1(t)|e0〉1〈g0|+ Ω2(t)(|eL〉2〈gL|+ |eR〉2〈gR|) + H.c.,
Hacf =
∑
i=L,R
[
g1,ia1,i|e0〉1〈gi|+ g2,ia2,i|ei〉2〈g0|+ vbi(a†1,i + a†2,i)
]
+H.c., (7)
where Htotal is the total Hamiltonian of the whole system, Hal (Hacf) is the interaction
between the atoms and the classical laser fields (the cavity-fiber system), v is the coupling
strength between the cavity modes and the fiber modes, bL (R) is the annihilation operator
of left-circularly (right-circularly) polarized mode of the fiber, and a1,L (R) (a
†
1,L (R)) is the
annihilation operator of left-circularly (right-circularly) polarized mode of cavity1 (cavity2).
For simplicity, we assume g1,L (R) and g2,L (R) are real, and g1,L (R) = g2,L (R) = g.
Suppose that the total system is initially in the state |φ1〉 = |g0〉1|g0〉2|0〉1|0〉f |0〉2 denoting
6that two atoms are in the states |g0〉1 and |g0〉2 respectively, and the two cavities and the
fiber all in the vacuum state. Afterwards, governed by the total Hamiltonian in Eq. (7), the
whole system evolves in the subspace spanned by
|φ1〉 = |g0〉1|g0〉2|0〉1|0〉f |0〉2, |φ2〉 = |e0〉1|g0〉2|0〉1|0〉f |0〉2,
|φ3〉 = |gL〉1|g0〉2|L〉1|0〉f |0〉2, |φ4〉 = |gR〉1|g0〉2|R〉1|0〉f |0〉2,
|φ5〉 = |gL〉1|g0〉2|0〉1|L〉f |0〉2, |φ6〉 = |gR〉1|g0〉2|0〉1|R〉f |0〉2,
|φ7〉 = |gL〉1|g0〉2|0〉1|0〉f |L〉2, |φ8〉 = |gR〉1|g0〉2|0〉1|0〉f |R〉2,
|φ9〉 = |gL〉1|eL〉2|0〉1|0〉f |0〉2, |φ10〉 = |gR〉1|eR〉2|0〉1|0〉f |0〉2,
|φ11〉 = |gL〉1|gL〉2|0〉1|0〉f |0〉2, |φ12〉 = |gR〉1|gR〉2|0〉1|0〉f |0〉2. (8)
Obviously, the system is initially in the dark state of Hacf , i.e., Hacf |φ1〉 = 0. Therefore,
under the limit condition Ω1(t), Ω2(t)≪ g and by means of the technique of QZD, the whole
system can approximatively evolve in an invariant Zeno subspace consisting of dark states
corresponding to the zero eigenvalue of Hacf :
HP = {|φ1〉, |ΨD〉, |φ11〉, |φ12〉}, (9)
corresponding to the projections
P α = |α〉〈α|, (|α〉 ∈ HP ). (10)
Here,
|ΨD〉 = 1√
3v2 + 2g2
[v|φ2〉 − g(|φ5〉+ |φ6〉) + v(|φ9〉+ |φ10〉)]. (11)
Therefore, the system Hamiltonian can be rewritten as the following form based on Eq. (3):
Htotal ≃
∑
α
P αHalP
α
=
v√
3v2 + 2g2
[Ω1(t)|φ1〉〈ΨD|+ Ω2(t)(|φ11〉+ |φ12〉)〈ΨD|] + H.c.. (12)
Here setting v = g, we can obtain an effective Hamiltonian of the system
H0(t) =
1√
5
(Ω1(t)|Ψ1〉+ Ω′2(t)|Ψ2〉)〈ΨD|+H.c.. (13)
in which |Ψ1〉 = |φ1〉, |Ψ2〉 = 1√2(|φ11〉 + |φ12〉), and Ω′2(t) =
√
2 Ω2(t). The target state we
expect is the state |Ψ3D〉 = 1√3 |Ψ1〉+
√
2√
3
|Ψ2〉 = 1√3(|g0〉1|g0〉2 − |gL〉1|gL〉2 − |gR〉1|gR〉2).
7In order to construct the invariant-based shortcut for generating three-dimensional en-
tanglement, we need to find out the Hermitian invariant operator I(t), which satisfies
i~∂I(t)
∂t
= [H0(t), I(t)]. Since H0(t) possesses SU(2) dynamical symmetry, I(t) can be easily
given by [35, 36]
I(t) = =
1√
5
χ


0 cos ν sin β −i sin ν
cos ν sin β 0 cos ν cos β
i sin ν cos ν cos β 0

 . (14)
where χ is an arbitrary constant with units of frequency to keep I(t) with dimensions of
energy, ν and β are time-dependent auxiliary parameters which satisfy the equations
ν˙ =
1√
5
(Ω1(t) cos β − Ω′2(t) sin β),
β˙ =
1√
5
tan ν(Ω′2(t) cos β + Ω1(t) sin β). (15)
Then we can deduce Ω1(t) and Ω
′
2(t) easily as follows:
Ω1(t) =
√
5(β˙ cot ν sin β + ν˙ cos β),
Ω′2(t) =
√
5(β˙ cot ν cos β − ν˙ sin β). (16)
The solution of Shro¨dinger equation i~∂|Ψ(t)〉/∂t = Heff(t)|Ψ(t)〉 with respect to the instan-
taneous eigenstates of I(t) can be written as |Ψ(t)〉 =∑n=0,±Cneiαn |φn(t)〉, where αn(t) is
the Lewis-Riesenfeld phase in Eq. (6), Cn = 〈φn(0)|Ψ1〉, and |φn(t)〉 is the eigenstate of the
invariant I(t) as
|φ0(t)〉 =


cos ν cos β
−i sin ν
− cos ν sin β

 , and |φ±(t)〉 = 1√2


sin ν cos β ± i sin β
i cos ν
− sin ν sin β ± i cos β

 . (17)
In order to determinate ν and β, we impose the boundary conditions to satisfy [H0(0), I(0)] =
0 and [H0(tf), I(tf)] = 0 (tf is the operation time), which give Ω1(0) = 0 and Ω1(tf) =√
2Ω′2(tf). Based on these discussions and to avoid infinite Rabi frequencies, we set the
boundary conditions for ν and β as follows
ν(0) = ε, ν˙(0) = 0, ν(tf ) = ε, ν˙(tf ) = 0, β(0) = 0, β(tf) = arctan
√
2. (18)
8where ε is a time-independent small value. As a consequence, we can simply choose the
parameters as
ν(t) = ε, β(t) =
arctan
√
2t
tf
, (19)
providing
Ω1(t) =
√
5 arctan
√
2
tf
cot ε sin
arctan
√
2t
tf
,
Ω′2(t) =
√
5 arctan
√
2
tf
cot ε cos
arctan
√
2t
tf
. (20)
Then we determine the value of ε by calculating the fidelity
F = |〈Ψ3D|Ψ(tf)〉|2,
=
[
1− sin2 ε
{
1− cos(arctan
√
2
sin ε
)
}]2
, (21)
with the Lewis-Riesenfeld phases
α0 = 0, α± = ∓arctan
√
2
sin ε
. (22)
Therefore, for the appropriate Rabi frequencies and the fidelity F = 1, we can choose
arctan
√
2
sin ε
= 2pi, i.e. ε = arcsin
(
arctan
√
2
2pi
)
= 0.153. (23)
Thus, the transformation |Ψ1〉 → |Ψ3D〉 is achieved and we have constructed the shortcut
to adiabatic passage to speed up the generation of three-dimensional entanglement |Ψ3D〉 =
1√
3
(|g0〉1|g0〉2 − |gL〉1|gL〉2 − |gR〉1|gR〉2).
IV. NUMERICAL SIMULATIONS AND DISCUSSION OF FEASIBILITY
In the following, we present the numerical simulations of our scheme proposed for gener-
ating two-atom three-dimensional entanglement.
In Fig. 2, we plot the fidelity F = |〈Ψ3D|Ψ(tf)〉|2 versus the operation time tf , where
|Ψ(tf)〉 is the state of the whole system governed by the total Hamiltonian Htotal in Eq. (7)
when t = tf . From Fig. 2(a) we can see that only in a very short operation time tf = 90/g
the fidelity is already almost unity: F (tf = 90g
−1) = 0.996 and from Fig. 2(b) we can find
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FIG. 2: (a) The fidelity of two-atom three-dimensional entanglement versus tf/g
−1 via invariant-
based shortcut with ε = 0.153. (b) The fidelity of two-atom three-dimensional entanglement versus
ε via invariant-based shortcut with tf = 90/g.
that when ε = 0.153 the fidelity is highest. Thus we can choose tf = 90/g and ε = 0.153 in
the following discussion.
In Fig. 3, we plot the time dependence of the laser fields Ω1(t) (red line) and Ω
′
2(t) (blue
line) based on Eq. (20). Fig. 3 shows that the laser pulses we choose meet the conditions
[H0(0), I(0)] = 0 and [H0(tf ), I(tf)] = 0 very well, which give Ω1(0) = 0 and Ω1(tf) =√
2Ω′2(tf). Then the population curves and the fidelity versus gt are depicted in Fig. 4 (a)
and Fig. 4 (b), respectively. We can see that, when t > 80g−1, the population curves of
|φ1〉, |φ11〉, and |φ12〉 coincident reasonably well at P = 13 with each other from Fig. 4 (a)
and the fidelity is almost unity from Fig. 4 (b).
In the above discussion, the operation and the whole system are perfect and considered as
absolutely isolated from the environment and we have omitted the effect of the variations in
the parameters and decoherence induced by the atomic spontaneous emissions and photon
leakages of the cavities and the fiber. Therefore, for the variations in the parameters, we
plot the fidelity versus the variations in tf and ε in Fig. 5. Here we define δx = x
′−x as the
deviation of x, in which x denotes the ideal value and x′ denotes the actual value. In Fig. 5,
the fidelity decreases with the increase of |δε| as described in Fig. 2 (b). From Eq. (20),
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FIG. 3: (Color online) The time dependence of the the laser fields Ω1(t) (red line) and Ω
′
2(t) (blue
line) with the parameters ε = 0.153 and tf = 90/g.
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FIG. 4: (Color online) (a) The population curves of |1〉 (red line) and |11〉(|12〉)blue line) and (b)
the fidelity versus gt with the same parameters as Fig. 3.
the Rabi frequencies decrease with the increase of the operation time tf . According to the
limit condition Ω1, Ω2 ≪ g we choose, the values of the Rabi frequencies are the smaller
the better, so the operation time tf is the longer the better as described in Fig. 2 (a).
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Therefore, the fidelity increases with the increase of δtf in Fig. 5. Significantly, we notice
that the fidelity is over 0.98 even when δtf/tf = δε/ε = −0.1 and it shows that our scheme
is robust against the variations in the parameters.
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FIG. 5: (Color online) The fidelity versus δtf/tf and δε/ε with the same parameters as Fig. 3.
Next taking the decoherence induced by the atomic spontaneous emissions and photon
leakages of the cavities and the fiber into account, the whole system is dominated by the
master equation
ρ˙(t) = −i[Htotal, ρ(t)]
−
∑
j=L,R
κfj
2
[b†jbjρ(t)− 2bjρ(t)b†j + ρ(t)b†b]
−
∑
j=L,R
∑
i=1,2
κij
2
[a†ijaijρ(t)− 2aijρ(t)a†ij + ρ(t)a†ijaij ]
−
∑
j=0,L,R
γ1j
2
[σ1e0,e0ρ(t)− 2σ1gj ,e0ρ(t)σ1e0,gj + ρ(t)σ1e0,e0]
−
∑
j=0,L,R
∑
i=L,R
γ2j,i
2
[σ2ei,eiρ(t)− 2σ2gj ,eiρ(t)σ2ei,gj + ρ(t)σ2ei,ei],
(24)
where Htotal is the total Hamiltonian in Eq. (7). κ
f
j is the photon leakage rate of jth
12
fiber mode, κij the photon leakage rate of j-circular polarization mode in ith cavity, γ
1
j is
spontaneous emission rate of the atom1 from the excited state |e0〉 to the ground state |gj〉,
γ2j,i is spontaneous emission rate of the atom2 from the excited state |ei〉 to the ground
state |gj〉, σej ,ej = |ej〉〈ej| (j = 0, L, R), and σej ,gj = |ej〉〈gj|. For simplicity, we assume
κfj = κ
i
j = κ, γ
1
j = γ
2
j,i = γ.
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FIG. 6: (Color online) The fidelity of generation of two-atom three-dimensional entanglement
versus κ/g and γ/g.
In Fig. 6, we plot the fidelity of generation of two-atom three-dimensional entanglement
versus κ/g and γ. As we can see from the decrease of the fidelity with the increases of κ/g
and γ/g in Fig. 6, we know that the influence of atomic spontaneous emissions and that
of the cavity-fiber decay on the fidelity are roughly equal and both slight. From Fig. 6,
the fidelity is still over 0.94 when κ = γ = 0.02g, and thus our scheme is robust against
the decoherence induced by the atomic spontaneous emissions and photon leakages of the
cavities and the fiber. According to the recent experiments about realizing high-Q cavity
and strong atom-cavity coupling [13, 37–39], we can choose the experimental parameters
as g/2pi ∼ 5.5 GHz, γ/2pi ∼ 4.6 MHz∼ 0.001g and κ/2pi ∼ 1.5 MHz∼ 0.0003g and using
above parameters we can obtain a relatively high fidelity F = 0.993. Therefore, our scheme
is absolutely possible to be implemented with the current experimental technology.
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V. CONCLUSION
In conclusion, we have proposed a scheme to generate three-dimensional entanglement
between two atoms trapped in two cavities connected by a fiber via invariant-based shortcut
to adiabatic passage. With the help of quantum Zeno dynamics, the invariant-based shortcut
is constructed for the generation of two-atom three-dimensional entanglement. Based on our
scheme, the operation time for generation of three-dimensional entanglement is short and
not necessary to be precisely controlled. The numerical simulations show that our scheme is
robust against the variations in the parameters and the decoherence induced by the atomic
spontaneous emissions and the cavity-fiber photon leakages. In shorts, our scheme is robust,
effective and fast. Moreover, the discussion on the feasibility indicates that our scheme is
quite possible to be implemented with the current experimental technology.
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